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We study the feasibility of learning an adapted wavelet packet
basis for a class of signals and subsequently using this basis for reconstruction of unseen signals of the same class. In particular, we learn an
adapted basis for a set of brain MR images and then use this basis as a
sparsifying transform for image reconstruction from undersampled MR
data. Simulation results show that there is a signicant improvement
in sparse approximation accuracy when comparing an adapted wavelet
packet basis to a wavelet basis, and a modest improvement in image
reconstruction from undersampled k-space data.
Abstract
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Introduction

Compressed sensing (CS) provides a mathematical framework [4,8] for reconstruction of signals sampled at sub-Nyquist rates, provided that those signals can
be represented sparsely using either an orthogonal transform, or a dictionary of
signals [3]. CS led to recent advances in medical imaging, and in particular magnetic resonance imaging (MRI), starting with the work of Lustig et al. [11,10].
While in most imaging situations wavelets provide accurate sparse approximations of signals, recently there has been much interest in nding representations
adapted to particular signals. Examples include patch-based dictionaries [1] successful in CS MRI [17] as well as dictionaries adapted specically for compressed
sensing [9].
Similarly, the adaptive framework of wavelet packets [6,7] has also been explored for CS [14,15]. While patch-based dictionaries and wavelet packets are
similar in that both approaches adapt a set of atoms to eciently represent
training signals, they are also very dierent in other respects. In particular,
wavelet packets provide a basis for the whole image, rather than small regions.
They also naturally have a multiscale structure and representation coecients
can be computed eciently using standard wavelet algorithms.
The work in [14,15] explores nding the best basis while reconstructing the
undersampled signal, i.e. without learning from prior examples. In contrast,
our algorithm learns the best basis from a collection of example images. Our

method is based on well known principles and algorithms for wavelet packets
and approximation in bases [6,7,16,18,12]. The main contribution of our work
consists of designing a best basis search cost function that emphasises the criteria
that are important in compressed sensing. We also choose a suitable algorithm
for optimising this cost function and validate our approach on images from the
Alzheimer's Disease Neuroimaging Initiative (ADNI) [13] database.
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Compressed sensing

A general model of a compressed sensing system is of the form
(1)

y = Ax + z

where x is the sparse representation vector of the signal of interest, A is the information operator that transforms signals from the sparse representations to the
actual measurements, and z represents random noise inherent in instrumentation. The essence of compressed sensing is that A has less rows than columns, i.e.
the number of measurements in y is less than the number of components of the
sparse representation vector x. In compressed sensing MRI, typically A = RF D,
where D is a basis (or dictionary) that is used to sparsely represent the image,
F is a multidimensional Fourier transform that represents the MRI acquisition
process, and R is a matrix that selects a subset of measurements. The estimate
x̂ of x is computed by solving the problem [2,3]

min kx̃k1

x̃∈Rn

subject to

2

kAx̃ − yk2 ≤ ε2

(2)

2

where ε2 is an upper limit on the noise energy kzk2 . If A satises the Restricted
Isometry Property [5] with an appropriate isometry constant, then the solution
x̂ to the problem (2) obeys [2,3]

kx̂ − xk2 ≤ C0 ·

kx − xs k1
√
+ C1 ε
s

(3)

for some constants C0 and C1 , where xs is the best s-sparse approximation of x
(an approximation with s non-zero components).
One of the principal design goals in compressed sensing is to nd a dictionary that leads to the sparsest representations possible, i.e. reducing s. At the
same time, eq. (3) implies that the modelling error induced by neglecting small
coecients will degrade the quality of reconstruction.
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Wavelet packets

Wavelet packets [6,7] are an extension of wavelets. In a wavelet framework, a
single-level discrete wavelet transform consists of ltering the source signal with
a dual-branch orthogonal lter bank, followed by downsampling of the resultant

sequences. A multi-resolution analysis (wavelet decomposition) then consists of
recursively applying this process on the lowpass branch of the lter bank, producing a tree-like structure. With wavelet packets, the lter bank can be applied
on the highpass branches as well, which means that a variety of tree-like lter
structures can be generated. All possible choices of which branches to decompose
further give rise to a large set of admissible trees, or in other words a library
of bases [12]. The leaves of each admissible tree dene a complete set of basis
vectors.
With careful choice of basis from a wavelet packet library, one might be
able to nd sparser approximations than with the standard wavelet basis. The
Coifman-Wickerhauser (CW) basis selection algorithm [7] can eciently nd an
optimal tree, in the sense that the associated basis minimises a cost function with
respect to the resultant representation vector, provided that the cost function
satises the criterion of an additive information cost function :

Denition 1.

[7] A map M from sequences {xi } to RPis called an additive
information cost function if M (0) = 0 and M ({xi }) = i M (xi ).
When a basis dened by an orthogonal matrix B ∈ Rn×n (with atoms as
columns) is used to represent a signal x ∈ Rn , the associated information cost is
M (B | x), i.e. the information cost function is applied to the vector of transform
coecients.
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Best wavelet packet bases and compressed sensing

4.1 Single signal case
Our analysis in this section is based on [12] (pp. 450-452, 611-614), but we
have to adapt it for approximation error measured in `1 norm. Given a vector
(signal) y ∈ Rn , we express basis search as minimising the following Lagrangian
with respect to the wavelet packet basis Bwp and the vector of approximation
coecients xΛ ∈ Rn .
|
y − xΛ
L (y, Bwp , T, xΛ ) = Bwp

1

+ T kxΛ k0

(4)

where T is the Lagrangian multiplier. k.k0 denotes the `0 pseudo-norm and
A| denotes the transpose of matrix A (we consider real-valued images only).
We assume a predened lter bank for the wavelet packet decomposition. Our
choice to minimise the transform domain `1 error is based on the conclusions
of our discussion of compressed sensing: based on eq. (3) we reason that the
compressed sensing reconstruction error should depend on transform domain `1
approximation error (among other factors). Note that, since we are working with
orthonormal bases, approximations generated by hard-thresholding transform
coecients are always optimal, in the sense that, as long as the basis is not
changed, improving sparsity would require reducing accuracy and improving
accuracy would require less sparse approximation. It follows by looking at eq.
(4) that T is also the threshold at which the entries of x = B | y are set to zero in

xΛ (see [12] pp. 612-613 for the precise argument with error dened in `2 norm).
Therefore, we can write eq. (4) in alternative form
X
L (y, Bwp , T ) =
inf (|x [i]| , T ) where x = B | y
(5)
i

where x [i] denotes the i-th entry of the vector x.
If T is xed, the cost function in eq. (5) is a valid additive information cost
function, so the CW algorithm can be used for best basis search. Note also that
the form of L in eq. (5) is independent of xΛ . This is a result of the fact that
Bwp is an orthogonal
basis: by xing T and selecting Bwp , we implicitly assign

|
xΛ = ρT Bwp
y where ρT (a) is an operator that sets to zero all entries of a
that are smaller than T .
So far we can nd optimal approximations for any given coecient threshold
T but this threshold is dicult to choose. It would be more practical to specify
either the number of coecients or the approximation error. A closely related
problem of nding best wavelet packet bases in rate-distortion sense for source
coding applications was considered in [16]. In the following we take a similar
approach to our problem.
Consider two solutions to minimising L, with respective thresholds T1 < T2 .
The basis for T = T1 will favour accuracy at the cost of sparsity, while the tradeo will move in the opposite direction for T = T2 . Since both bases are optimal at
their respective thresholds, we have kB1| y − ρT1 (B1| y)k1 ≤ kB2| y − ρT2 (B2| y)k1
and kρT1 (B1| y)k0 ≥ kρT2 (B2| y)k0 . So if for any T the approximation is not sparse
enough, we can increase T and repeat basis search to trade some accuracy for
sparsity. Similarly, if the approximation is not accurate enough, we can trade
some sparsity for accuracy by reducing T . Therefore, the optimal threshold for
a required level of sparsity or approximation error can be found by bisection
search.

4.2 Extension to multiple signals
For our application the signal to be sparsied is not fully known: we only have
partial Fourier data. We can, however, search for a basis that minimises the
expected information cost over a set of reference images. In this context, we
choose the cost function as the mean over the whole training data set, i.e.
N



1 X |
|
L̄ {yi }i=1,...,N , Bwp , T =
yi
Bwp yi − ρT Bwp
N i=1

|
+ T ρT Bwp
yi
1




0

(6)
where yi are the training
examples
and
N
is
the
number
of
signals
in
the
training

|
set. Since ρT Bwp
yi = (xΛ )i , this is the mean of (4) over all training examples.
This cost function can be optimised by decomposing each signal in a full wavelet
packet tree, constructing a joint tree [18] where each node is assigned a cost by
taking the average of the same node over all individual signal trees, and then
applying the CW algorithm to the joint tree to nd an optimal basis [18].

Note that the same threshold T is used for wavelet packet decompositions
of all images. It is therefore necessary to ensure that images are pre-processed
so that one value of T is suitable for all of them. While designing an optimal
pre-processing step is beyond the scope of this work, we decided to follow a
simple approach of scaling image intensities so that the 99th percentile of image
histograms matches across the whole dataset.

4.3 Compressed sensing reconstruction
The proposed algorithm nds a sparsifying basis which can be used with standard compressed sensing reconstruction algorithms. In this work, we have integrated it with the framework of [10]. The main dierence is replacing the wavelet
transform with the optimised wavelet packet tree transform.

5

Experiments

Experiments were conducted using 826 MR images from the Alzheimer's Disease Neuroimaging Initiative (ADNI) database (http://www.loni.ucla.edu/
ADNI). The images were resliced to 1mm voxel size using the tools from J.
Shen's NIfTI toolbox, version 2011-09-21 (http://www.rotman-baycrest.on.
ca/~jimmy/NIfTI/), and then either cropped or zero-padded to 256×256×256
size. Image intensities were then scaled to make the 99th percentile of all image
histograms match. Our study was done on 2D slices of images pre-processed in
this way (one slice from each image), but our method can be easily extended to
3D images. Computations were done using MATLAB R2010b (The MathWorks,
Natick, MA).

5.1 Approximation of brain MR images
The aim of this experiment was to measure the trade-o between sparsity and
accuracy for an adapted wavelet packet basis and compare it with a wavelet
basis. We followed a standard ten-fold cross-validation approach. For each fold
we trained a basis to best approximate the out-of-fold data with 10% of coefcients, and used the fold data for validation. We compared the results with
approximations generated with a wavelet basis. Both wavelet and wavelet packet
decompositions were done to four levels with the Daubechies 4 lter bank. To
produce an empirical estimate of average approximation accuracy over one fold,
we computed the mean and sample standard deviation over the means extracted
from individual folds. Results are presented in Fig. 1.
These results show that an adapted wavelet packet basis oers consistent
improvement over standard wavelets. Although the basis was optimised for a 10%
sparsity target, it performs better over a wide range of sparsities. Interestingly,
in the ten-fold cross-validation process the same basis was learned each time.
This indicates that our approach is quite stable and robust.
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Approximation of brain MR images with wavelets and wavelet packets. The
basis was trained for optimal representation with 10% of coecients.
Figure 1.

5.2 Compressed sensing reconstruction of brain MR images
We reconstructed images from fold 1 using the basis learned from folds 210. Undersampling mask generation and CS reconstruction were done using SparseMRI
V0.2 (http://www.stanford.edu/~mlustig/SparseMRI.html). We made some
changes to the original software: we modied the k -space mask generation code
to enable lower sampling densities and we removed the k -space density compensation step in reconstruction. The method of [10] uses a combination of wavelet
domain sparsity and total variation (TV) to regularise the reconstruction. We
left the weights of transform domain sparsity and TV unchanged (0.05 and 0.02
respectively), for both wavelets and wavelet packets.
Compressed sensing reconstruction PSNR with wavelets (W) and wavelet
packets (P). The gures are means over the 83 images in fold 1. m/n is the ratio of
the number of k-space samples to the number of pixels in the image. s?n is the target
sparsity optimised for in the training process. All gures (except m/n) are in decibels.
Table 1.

m/n
0.4
0.35
0.3
0.25
0.2

W P,s?n = 0.1 P,s?n = 0.05 P, s?n = 0.02 P, s?n = 0.01 P, s?n = 0.005
34.0999 34.3187
34.0599
33.8154
33.7118
33.7118
31.4394 31.5990
31.3284
31.1503
31.0973
31.0973
27.4338 27.5222
27.4048
27.2641
27.2068
27.2068
24.5557 24.6713
24.5758
24.4548
24.4156
24.4156
23.7575 23.8077
23.7507
23.6528
23.6355
23.6355

An example image with its wavelet and wavelet packet reconstructions is
displayed in Fig. 2. Table 1 presents the peak signaltonoise ratio (PSNR) over
a range of congurations.
These results show that substituting the wavelet transform with a pre-trained
wavelet packet transform in compressed sensing reconstruction with sparsity and
total variation regularisation leads to a modest improvement in PSNR.
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Example reconstructions with wavelets and wavelet packets. Top row (left to
right): original image, wavelet reconstruction from 40% k-space sampling and the associated error map. Bottom row (left to right): k-space mask for 40% sampling (sampled
frequencies in white), wavelet packet reconstruction from 40% sampling and the associated error map.
Figure 2.
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Conclusions

We propose a method for learning a wavelet packet basis from a set of images,
with a cost function selected specically for compressed sensing. We evaluate its
performance in approximation and compressed sensing reconstruction of unseen
images. Our results show that a wavelet packet basis learned from example brain
images can yield more accurate sparse approximations of unseen brain images.
However, despite this signicant improvement, in reconstruction of brain images
from partial k -space data the dierence between the learned basis and a xed
wavelet basis is quite modest. Further work will be required to explain this
behaviour.
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